Bose-Einstein condensates (BECs) have been proposed as candidate states of matter for the interior of neutron stars. Specifically, Chavanis and Harko obtained the mass-radius relation for a BEC star and proposed that the recently discovered neutron stars with masses around 2M⊙ are BEC stars. They employed a barotropic equation of state (EOS), with one free parameter, that was first found by Colpi, Wasserman, and Shapiro (CSW), to describe them and derive stable equilibrium configurations of spinning BEC stars in General Relativity. In this work we show that while it is true that BECs allow for compact object masses as heavy as the heaviest observed ones, such stars cannot simultaneously have radii that are small enough to be consistent with the latest observations, in spite of the flexibility available in the EOS in the form of the free parameter. In fact, our conclusion applies to any spinning relativistic boson star that obeys the CSW EOS.
I. INTRODUCTION
Neutron stars are natural laboratories for studying the extreme physical conditions that support the existence of ultra-dense degenerate nuclear matter, which is held together by its own strong gravity. Comprehending the structure and composition of these compact stars is challenging. Although, a complete understanding of the neutron star interior is yet to emerge, several equations of state have been proposed to describe it. The core of this compact star is made of hadronic matter and the interaction of such a many-body system is governed by the laws of quantum chromodynamics (QCD). Matter under such conditions is expected to be described by an experimentally unexplored and a completely different regime of the QCD phase diagram than the one, e.g., of hot dense matter such as the quark-gluon plasma. This is because the former has a very high chemical potential and supra-nuclear density, along with a very low temperature compared to the Fermi temperature, T F . Deriving the properties of this phase from any first principle calculations, such as in lattice gauge theory, is currently not a viable proposition.
The strong self-gravitational field of a neutron star 1 harbors extreme physical conditions that can create a * arunava.mukherjee@icts.res.in † Deceased 14 June 2014 ‡ sukanta@wsu.edu 1 Unless otherwise specified, in this paper, by a "neutron star" we mean any compact star that may be made of only neutron unique fundamental phase of hadronic matter. This dense degenerate nuclear matter cannot be created in any terrestrial laboratory, e.g., RHIC, CERN, or any other particle collider where the center-of-mass energy is significantly higher than T F at a comparable density. It has been speculated for a long time that the condition in the neutron star interior may be suitable enough to support Bose-Einstein condensates of different types of nuclear matter, such as pions, kaons or even neutrons, without necessarily involving any exotic particles, e.g., certain flavors of quarks. Sawyer [1] , Barshay et al. [2] and Baym [3] were among the first to propose that superdense nuclear matter in the interior of a neutron star can undergo phase transition to produce π − condensation. Glendenning et al. [4, 5] formulated the theoretical background of isospin asymmetric nuclear matter with both normal and pion condensed states in neutron stars and derived a few candidate equations of state, some of which can produce a ∼ 2 M ⊙ star.
Recently a couple of massive neutron stars, with masses of 2.01 ± 0.04 M ⊙ and 1.97 ± 0.04 M ⊙ , were discovered by Antoniadis et al. [6] and Demorest et al. [7] , respectively, which triggered multiple papers proposing various models of cold, dense, degenerate nuclear matter that can support stable configurations of self-gravitating rich nuclear matter (truly neutron star), only quark matter at the core (quark star), a combination of both (hybrid star) or a star with a Bose-Einstein condensate (BEC) of hadronic or quark matter.
fluid with those observed masses [8] [9] [10] [11] [12] . Specifically, superconductivity and superfluidity have been hypothesized in the past to exist in neutron stars to explain certain observational effects (see, e.g., Ref. [13] ). Neutrons bound in Cooper pairs can form a BEC. Each pair can be treated as a composite boson with an effective mass nearly equal to twice the mass of a neutron, or less, depending on how large the binding energy is. A microscopically exact way of treating such a system is provided by the theory of BCS-BEC crossover, which describes a transition from the quantum state of superfluidity (BCS phase) to a BEC. Nishida and Abuki [14] explained the basic concept of this crossover and showed that these two states are smoothly connected without a phase transition.
In this paper, we study the structural properties of neutron stars, particularly, mass (M ), radius (R) and spin, formed from a BEC of neutron Cooper pairs, the equation of state (EOS) for which was first introduced by Colpi, Shapiro, Wasserman (CSW) [15] . Chavanis and Harko [27] hypothesized that the recently observed massive neutron stars [6, 7] are BEC stars obeying the CSW EOS. This proposal was based on their demonstration that the CSW EOS, when applied to the Tolman-Oppenheimer-Volkoff (TOV) equations of relativistic stellar structure, allows for the observed large neutron star masses. This in turn is facilitated by a range of values that the scattering length and the mass of the Cooper pair of neutrons can assume, both of which are free parameters in their model for the EOS. In the literature, however, the CSW EOS has been adopted for studying not just the possibility of BECs as the constituents of stellar mass compact objects but also the viability of equilibrium configurations of boson stars [16] [17] [18] [19] . Indeed, boson stars have been considered as possible dark matter candidates [20, 21] . In the cosmological context, boson stars have been proposed to have a range of masses, including those comparable to supermassive black hole masses (see, e.g., Ref. [22] ). Furthermore, various people have studied observational consequences of the existence of boson stars, such as through electromagnetic observations [23] and gravitational waves (see, e.g., Refs. [24] [25] [26] and the references therein). Therefore, if the aforementioned hypothesis of Chavanis and Harko is indeed true, then it can have important implications for these proposed observations.
With this in mind, here we revisit the theoretically allowed equilibrium configurations of boson stars, specifically, to test the predictions of Chavanis and Harko against astronomical observations of the masses and radii of neutron stars. We build on their work by generalizing it to include spin, with different scattering lengths and Cooper-pair masses, to compute the observationally verifiable mass-radius relations. As shown in the subsequent sections, unfortunately for this model, we find that the radius predicted by the CSW EOS is too large to be consistent with astronomical observations.
II. COMPUTING STELLAR STRUCTURE WITH CSW EOS
In Ref. [27] Chavanis and Harko proposed that in the neutron star interior a BEC can exist in the form of neutron Cooper-pairs. They argued that this BEC can be described by the CSW EOS:
where P is the pressure of the fluid, ρ = ǫ/c 2 , ǫ is the total energy-density of the fluid, c is the speed of light in vacuum, and
Above, m is the mass of the neutron Cooper-pair, is the Planck constant, and λ is a dimensionless quantity defined by
Above, a is the scattering length that defines a Note that m is a free parameter. It obeys m ≤ 2m n , where m n is the neutron mass. λ is the second free parameter in their model. As is evident in Eq. (2), both a and m enter the EOS through the single parameter K. Therefore, a stable equilibrium stationary stellar configuration of a selfgravitating condensate corresponding to a specific value of K can actually arise from multiple possible values of a and m. Below, we use the values of stellar structural quantities, such as mass, radius, and spin, as obtained from astronomical observations of neutron stars to constrain the free parameter K and, hence, the allowed values of both scattering length a and Cooper-pair mass m.
In this paper we consider stationary axisymmetric equilibrium configurations of the star with four different stellar spin frequencies, as well as the static spherically symmetric non-spinning case, with perfect fluid matter. We used the publicly available RNS-code [28] (which follows the algorithm of Cook et al. [29] ) to numerically obtain these configurations for stellar spin frequencies 250 Hz, 500 Hz, 750 Hz, and 1 kHz, as well as the nonspinning one for the CSW equation of state.
For each value of the stellar spin frequency chosen here, we computed the gravitational mass M (generally referred to as "mass" in this paper, unless mentioned otherwise) and the stellar radius R, both equatorial and polar, corresponding to a hundred different values of the central density of the star. The results are given in Sec. II A.
A. The effect of the free parameter (K) in CSW EOS on the structure of a neutron star
The value of the EOS parameter K neither is known from any calculations from first principles nor has been determined yet from any experimental data and, therefore, remains a free parameter. Any change in K will change the EOS (see Eqs. (1)- (3)) and, thus, will also affect the observable structural quantities. Here, we discuss the effect of that parameter on the maximum gravitational mass of such a neutron star. [15] is plotted as a function of the free parameter K (in cm 5 g −1 s −2 ) in (blue) dots. The thin horizontal (red) line shows the observed maximum mass of a neutron star and the horizontal gray band shows the error in that value [6] . Since the dots intersect the line at K = 3.7169 × 10 5 cm 5 g −1 s −2 , this is the minimum value of K allowed by observations of neutron star masses.
In Ref. [6] it was reported that a pulsar was observed with a gravitational mass as large as 2.01 ± 0.04 M ⊙ . This is the most massive neutron star currently known for which such precise and reliable measurement was possible. As shown in Fig. 1 , we find that for K < 3.7169×10
, the maximum neutron star mass M max allowed by the CSW EOS is 1.97 M ⊙ . Therefore, K needs to be greater than 3.7169 × 10 5 cm 5 g −1 s −2 for the CSW EOS to allow for heavier maximum neutron star masses and, thereby, remain consistent with observations. This, in turn, implies that if the mass of the neutron Cooperpair is 2m n , then the scattering length cannot be less than 20 fm (see Fig. 2 ). More generally, all possible pairs of values of a and m that lie in the red hatched region in Fig. 2 rule out this kind of a BEC as the principal constituent of a neutron star. Hence, we compute and plot the values of several stellar structural quantities in observations. We summarize these observations in the next section before returning to study their implications on the results shown in Fig. 3 .
III. CONSTRAINTS FROM ASTRONOMICAL OBSERVATIONS
Timing and spectral studies of several astrophysical phenomena in Galactic low-mass X-ray binary (LMXB) systems provide observational constraints on the massradius (M -R) relationship of neutron stars. Neutron stars in LMXB systems accrete matter from their companions. The accreted matter falls and accumulates on the neutron star surface. This accumulated matter, which is mostly hydrogen or helium, reaches the temperature, pressure and density conditions suitable for various thermonuclear reactions [30, 31] . These thermonuclear reactions in neutron stars in LMXB systems often occur intermittently and undergo run-away nuclear burning producing luminous flashes of X-ray radiation, generally termed as "thermonuclear X-ray burst" or "type-I X-ray burst". As a consequence, they are seen with several X-ray telescopes, particularly Rossi Timing Explorer Satellite (RXTE). In Ref. [32] ,Özel et al. studied three neutron star LMXBs, namely, 4U 1608-248, EXO 1745-248, and 4U 1820-30, where they analyzed photon energy spectra of a number of thermonuclear X-ray bursts from these three sources and used them to estimate the grav-itational mass and radius of the respective neutron stars (see Fig. 1 in [32] ). The reported values for the 1-σ and 2-σ confidence contours imply that the masses and radii of these neutron stars lie in the range of ≈ 1.3 − 1.95 M ⊙ and ≈ 8 − 12 km, respectively.
In another paper,Özel et al. [33] analyzed thermonuclear X-ray bursts from another neutron star LMXB system, viz., KS 1731-260, in the direction of the Galactic bulge. In this case, they were able to put an upper limit on the neutron star radius of R ≤ 12.5 km at the 95% confidence level, assuming its gravitational mass to be M ≤ 2.1 M ⊙ .
Furthermore, Güver et al. [34] studied the energy spectra in the X-ray band of RXTE observations of a number of thermonuclear bursts from the neutron star in the LMXB system 4U 1820-30 in the globular cluster NGC 6624, which provided for a well estimated distance to the source. They measured the mass and radius of the neutron star in that LMXB using the energy spectra extracted at the touchdown moments of several photospheric radius expansion (PRE) thermonuclear bursts and found them to be M = 1.58 ± 0.06 M ⊙ and R = 9.11 ± 0.4 km, respectively.
In Ref. [35] , van Straaten et al. detected a kHz QPO from a Galactic neutron star LMXB source 4U 0614+09 at 1329 ± 4 Hz. Although, the physical origin of these kHz QPOs is not unequivocally explained, the widely accepted view suggests that the centroid frequency corresponds to Keplerian orbital frequency around the neutron star. With that assumption the authors estimated the upper limits on both mass and radius of the neutron star to be M ≤ 1.9 M ⊙ and R ≤ 15.2 km, respectively.
Since X-ray observations are affected by systematic errors it is important to include different classes of sources in drawing inferences about neutron star radii. Distinct from the aforementioned types of neutron star systems are quiescent low-mass X-ray binaries (qLMXBs) in globular clusters. By analyzing the thermal spectra from a number of them, Guillot et al. [36] reported that the inferred neutron star radii lie in the range R = 7.6−10.4 km (see Fig. 17 in Ref. [36] ), which are again on the small side. Nonetheless, for a particular neutron star in ω Cen the same authors provided an observational estimation of R = 20 − 27 km. This result, however, is beset by systematic errors. This is primarily due to the uncertainty in the amount of neutral hydrogen n H in the inter-stellar medium and the star's atmospheric chemical composition and is, therefore, highly debatable. To wit, by using different values of these parameters, Lattimer & Steiner [37] reported a range of smaller values for the inferred radius of that neutron star in ω Cen, namely, R = 8 − 15 km.
We now compare these astronomically observed values of neutron star radii with those that we obtain theoretically for the CSW EOS. The latter are presented in Fig. 3 . We study the rotation induced changes in both the equatorial and the polar radii of spinning neutron stars (in some cases rapidly spinning) by computing the numerically exact solutions of stellar structure in full General Relativity. (Note that spin is expected to allow for a greater range of radii than the non-spinning configuration, thereby, improving the chances of overlap with observed radii.) Moreover, since most of the observed neutron stars are in LMXB systems, they are very likely to be spun up by accretion induced torque and may presently be spinning rapidly. Thus, the radius inferred observationally can vary from one method to another depending on whether it measures the equatorial or the polar value. This limitation notwithstanding, the measured radii must always lie between those two values. In Fig. 3 we present our theoretical results, which show that the smallest radius allowed by the CSW EOS, for any spin ≤ 1 kHz and masses as high as 2 M ⊙ , is 17.5 km. The effect of rotation on the neutron star radius for the CSW EOS is not sufficiently large to explain the small observed values. This is the main conclusion of this work.
IV. SUMMARY
Simultaneous measurements of the masses and radii of several neutron stars, as listed in the preceding section, put a very strong constraint on their equation of state. The equation of state that we considered here, namely CSW EOS, which was proposed by Chavanis and Harko [27] as the EOS of recently observed massive neutron stars, predicts a large neutron star radius, R > 17.5 km, for any value of its gravitating mass, provided that the value of the free parameter K is ≥ 3.7169 × 10 5 cm
(This range of values of K corresponds to the scattering length a ≥ 20 fm, for Cooper-pair mass m = 2m n ). As the value of K increases (due to increase in scattering length a, or decrease in Cooper pair mass m, or a combination of both), the value of the neutron star radius also increases to unrealistically large values (see Fig. 3 ). Thus, K ≥ 3.7169 × 10 5 cm 5 g −1 s −2 is strongly disfavored by these astronomical observations. Moreover, the existence of not-so-massive neutron stars M 1.6 M ⊙ having a small radius (i.e., R 10 km), as reported by Güver et al. [34] , implies that even for K = 3.7169 × 10 5 cm 5 g −1 s −2 the radius predicted by the CSW EOS is too large to be consistent with those observations. Therefore, any matter that obeys the CSW EOS is practically ruled out as the constituent of neutron stars observed in nature. Note that this conclusion does not preclude: (a) Boson stars obeying a different EOS, in general, or neutron stars with interior composition of BECs of kaons or pions obeying a different EOS, in particular; (b) Boson stars obeying the CSW EOS but with masses that are very different, e.g., comparable to supermassive black hole masses. In the latter case, however, one is still left with the problem of explaining why stellar mass objects are not favored while much heavier objects of the same EOS are allowed. 
